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Calculation of the Radiated Sound Field Using
an Open Kirchhoff Surface

Jonathan B. Freund,* Sanjiva K. Lele,1^ and Parviz Mom*
Stanford University, Stanford, California 94305

Means of improving the accuracy of Kirchhoff surface-integral evaluations for sound fields in cases where the
surface may not be completely closed are investigated. Asymptotic analysis for large temporal wave number is used
to analyze time-harmonic integral forms. Applicability to the moderate temporal wave numbers of real problems
is discussed. Stationary-phase arguments are used to show geometrically where good results are expected from a
Kirchhoff integral on an open surface. A similar asymptotic analysis is used to provide correction terms to account
partially for the missing portion of the integral surface. The present study is restricted to the case where the mean
flow is parallel to the available portion of the surface. The analysis is extended to time-domain formulation of
transient problems. Two- and three-dimensional numerical examples are given to demonstrate and evaluate the
method. It is found that the derived correction terms can reduce the error in an open-surface calculation of the
radiated sound field by more than an order of magnitude.

Nomenclature
c = sound speed
F - integrand amplitude in asymptotic analysis
G = Green's function for wave operator
H™ = Hankel function, order n, second kind
k = temporal wave number, co/c.
L = length of available Kirchhoff surface
M = mean-flow Mach number (in x\ direction)
S = virtual acoustic source
t = time
x = listener point in space
y - Kirchhoff-surf ace point in space
z = acoustic-source point in space
8(x) = Dirac delta evaluated at jc
d£2K - Kirchhoff surface
(f) = acoustic field variable
i/r = integrand phase in asymptotic analysis
Qs = acoustic-source volume
co = temporal angular frequency

I. Introduction

T HE Kirchhoff-surface technique is becoming a familiar tool in
computational acoustics (see Lyrintzis1 for a review of stud-

ies involving Kirchhoff formulations). The primary application of
concern in this study is the calculation of an acoustic far field from
near-field data taken from an unsteady-compressible-flow calcula-
tion. The method utilizes surface integrals that are derived from
linear free-space wave propagation problems in conjunction with
the Sommerfeld radiation condition. The integrals are evaluated on
an arbitrary surface enclosing a source region. These formulas have
been known for more than 100 years,2 but it is only recently that
computers and techniques have become advanced enough to solve
accurately for the source field and the near acoustic field in an aero-
dynamic sound-generation study. A Kirchhoff-integral technique
may be used in conjunction with such a near-field calculation to
efficiently calculate the far-field radiated sound at any point exterior
to the surface, thus avoiding the computational expense of carrying
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the source-region calculation into the far acoustic field. An acoustic
variable such as pressure or dilatation is defined on the surface by
the source-region calculation of a flow such as a jet or mixing layer,
and a surface-integral evaluation then gives the acoustic field beyond
that surface. It is important that the surface be placed so that it lies
beyond any nonlinear or viscous source-region effects. Essentially,
the surface must be placed in a region where the flow is completely
governed by a homogeneous linear wave equation with constant
coefficients, for which there exists a free-space Green's function.

However, in the case of mixing layers or jets there is the diffi-
culty that the hydrodynamic source region decays very slowly in the
downstream direction. Artificial boundary conditions are necessar-
ily imposed at the outflow (and often the inflow) domain boundaries
to maintain a manageable size for the source-region calculation.
Unfortunately, at these boundaries it is impossible to separate out
the acoustic portion of the flow for use in the Kirchhoff integrand,
as the flow here is governed by the full viscous, heat conducting,
nonlinear equations. (See Fig. 1.) The Kirchhoff surface may not
then be closed. For a Kirchhoff-integral evaluation to be an exact
representation of the sound field, it is required that acoustic data be
available on a surface completely enclosing all acoustic sources. For
flows with persistent downstream hydrodynamics, there no longer
exists an exact Kirchhoff formulation for a finite-sized surface. The
missing portion must be left out (as by Mitchell et al.3 and Lyrintzis
and Mankbadi4) or modeled. The common practice has been to leave
the unavailable portion of the near-field acoustic data out of the eval-
uation. This is equivalent to dictating that the acoustic variable as
well as its normal derivative is uniformly zero on the missing portion
of the surface. That is unphysical, and a study of when it is justified
in such a calculation is needed.

This paper will offer justification and correction for the present
practice of zeroing the unavailable portion of the acoustic data.
Section II will formulate frequency-domain Kirchhoff integral
equations for their evaluation and analysis. Section III will examine
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Fig. 1 Schematic showing where acoustic data become unavailable in
a jet noise measurement or calculation.
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the asymptotic behavior of the integrals using the nondimensional
temporal wave number kL = a>L/c as a large parameter and will
offer a justification for zeroing the unavailable portions of the near-
field acoustic data when calculating certain regions of the far field.
An asymptotic correction to the open integral will be given, and
sample calculations will show its effectiveness even for the finite
temporal wave numbers of real sound-generation studies. We ex-
tend the analysis to problems formulated in the time domain in
Sec. IV. A transient radiation problem is used to demonstrate the
effectiveness of the corrections terms.

II. Formulation
The standard Kirchhoff-integral solution for a harmonic wave

field is5

[<t>(y)Gn(x-y)-<l>n(y)G(x-y)]dS(y) (1)

Subscript n indicates partial differentiation in the direction of the
outward-pointing normal to the surface (e.g., $„ — n • V0). It is
assumed that </>(y) and </>n(y) are known with sufficient accuracy
on y 6 9 £2 K. This assumption is justified by the argument that if
the near-field source calculation is assumed to be accurate enough
to resolve the near acoustic field, we must necessarily have accurate
data on the Kirchhoff surface and have the resolution necessary to
calculate normal derivatives of the data on that surface. QK is the
region bounded by d£2K, and Eq. (1) predicts the sound in £*£, the
region exterior to d&K. In Eq. (1), x is any point in space such
that x £ d&K ; however, the solution for x e QK is uniformly zero by
the nature of the integrals.6 G is the free-space Green's function of
the wave operator governing the acoustic region. We consider the
reduced wave equation, and G then is the solution to

(2)

where A is the Laplace operator. If the temporal dependence is
taken to be exp(+z&>0, then the free-space Green's function has the
following form in two and three dimensions, respectively:

_1_
4iJ G(x) =

1
4n\x\ exp(-i*|x|) (3)

For k\x\ -> oo there exists a uniform asymptotic solution7 for a
general number of dimensions d\

G(x) - ——
27T\X\

exp I / ( < / - ! ) - I exp(-/*|jt|) (4)

This relation is exact for any k\x\ if d — 1 or 3. We note that the
phase of the solution is the same function of ~k\x\ regardless of the
problem's spatial dimension, and we will take advantage of this to
add generality to the results.

When there exists a uniform mean flow, we use the free-space
Green's function of the convected reduced wave equation

A - - + k = 0 (5)

The Green's function in two dimensions is

G(x) =
- M2)]

xH,(2)

1 -M2 1-M2J

i
(6)

M is the mean-flow Mach number, and the mean flow is in the
X[ direction. A similar solution exists for the case of three spatial
dimensions. This free-space Green's function has been used by Wu
and Lee8 in formulating boundary integral formulas, and asymptotic
forms of a more general solution have been used by Howe.9 The

integral formulation, derived by the methods of Farassat and Myers10

for the convected form of the equation, is

</>(*) = I
Jda

[V0 -NG-(/)N'VG- 2ikM(/)nlG]dS(y) (7)

The acoustic variable 0 is evaluated at j, and the fundamental solu-
tion G [defined in Eq. (6)] is evaluated at x — y. Here TV is a modified
surface normal TV = ( ( \ — M2)n\, ^2), where ( n \ , n i ] is the true sur-
face normal. This formulation easily reduces to the form of Eq. (1) in
the case where the mean flow is parallel to the surface (n\ — 0). Most
of the following analyses will consider the case M = 0 to simplify
the algebraic presentation of the results. All the following applies
directly to subsonic M parallel to the surface, and some sample
calculations for subsonic M > 0, n\ = 0 are included in this paper.

In the following analyses we will be concerned with the spatial
phase of the integrands. This phase is not explicitly given in Eq. (1)
even upon substitution of asymptotic forms of the Green's function
(4), because it is partly contained within the 0 and c/>n terms. We
may extract the phase by assuming that there exists a source field
S(x) giving rise to the acoustic field on 3 £2K. Our Kirchhoff method
prescribes that S has compact support in some region £2S c QK (see
Fig. 1). We still assume that the hydrodynamics of the source flow
persist downstream of QK, making acoustic data unavailable, but
that this persistent flow does not contribute to the sound radiation of
interest. It is not required that S be unique, as it will only be used as
an intermediate variable and not be present in final results. <S may
also contain equivalent sources for any reflecting surfaces in &$-
The field may then be represented by

000 =
Jz € ft.y

<S(z)G(j-z)dz. (8)

and the Kirchhoff integral becomes

S(z)[Gn(y-z)G(?c-y)

-G(y-z)Gn(x-y)]dS(y)dz (9)
This equation may be rewritten with the spatial phase explicit in the
integrand:

F ( y , z, x , z, x)] dS(y) dz

(10)

In two spatial dimensions the asymptotic form of the fundamental
solution as given in Eq. (4) is used to write the phase term explicitly,
and the = in Eq. (10) should be replaced by a ~ for formality. The
phase is simply

,z,x) = \x-y\ + \y-z\ (11)

The explicit form of F is easily derived, but is dependent on the
problem under consideration and will not be needed in much of the
following. We proceed taking F as a known function on the available
portion ofd£2K.

We complete our formulation by choosing a specific geometry for
3 £2K appropriate for a two- or three-dimensional jet or mixing layer.
The chosen surface spans the computational box in the streamwise
direction at a constant distance h from the centerline of the flow.
The centerline is used as an arbitrary reference point for the coor-
dinate system. A surface appropriate for the three-dimensional jet
is presented graphically in Fig. 2. The surface extends from loca-
tion (a, h) on the inflow boundary to location (b, h) on the outflow
boundary and azimuthally around the jet to form a circular cylin-
der. A two-dimensional flow will have only two lines extending
from point a to point b at ±h-, and a three-dimensional mixing layer
will have surfaces extending over the width of the computational
domain at ±/z, a periodic direction in most computations. The up-
stream and downstream ends of the boundary (the two ends of the .
cylinder in Fig. 2) are assumed not to have acoustic data available for
use and thus represent the unclosable portion of the surface. In the
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Fig. 2 Diagram of the particular surface used for analysis. Here x is
the observation point, ys = (HV, h) is the stationary point, and H$ is the
source region with source coordinates z = (zi, 22).

three-dimensional cases it is assumed that the 0- or y3-direction in-
tegration on QK may be handled accurately without difficulty using
any standard or spectral method.

We now explicitly show the 3£2K integration for the jet geometry
pictured in Fig. 2 including the three dimensionality:-/ firJzetis •'O LJa

F(yi;h,0,z,x)

dOdz (12)

The outer integrals on £2S and 9 are considered to be exact, and the
inner integral, contained within the brackets, represents the break-
down of Kirchhoff formality because the surface is not closed. The
exact integral would span the infinite domain (—00,00) or include
end surfaces. The following analyses will deal with this inner inte-
gral. The semicolon has been introduced into the arguments of F
and ̂  to separate the variable of integration in the inner integral, y\,
from the variables /z, 0, z, and:c, which will be considered constant
parameters in much of the following.

III. Asymptotic Analysis
We will now analyze the innermost integral of Eq. (12). We take k

to be a large parameter for the analysis. When it is correctly normal-
ized by L (the domain size in yi), the resulting product kL is found,
depending upon the frequency under consideration, to be larger than
about 10 in computations of interest (see, for example, computations
of Colonius et al.11 and Mitchell et al.3). This corresponds to having
a few wavelengths per domain length. Though this value might not
seem large, we note that we will not rely on the asymptotic solution
itself, but will rather be guided by the asymptotic analysis to jus-
tify the use of open surfaces and make corrections to open-surface
calculations. The major portion of any solution will still come from
numerical quadrature of the integral in question, and thus we pro-
ceed allowing for merely moderate values of A:L. In the following
discussions L is taken to be a constant. Therefore trends in kL and
trends in k are analogous, and O[(kL)n] behavior is equivalent to
O(kn) behavior.

A. Stationary-Phase Justification of Open Surfaces
We begin our analysis of the innermost integral in Eq. (12) by

considering a closed integral that is infinite in the yi direction:

/ = (13)

When the range of integration is extended to infinity upstream and
downstream (a = -oo, b =.+oo), Eq. (12) again becomes for-
mally exact. In two dimensions this infinite extension also accounts
for the line integration at y2 = —h, and the following will also show
why that portion of the integral need not be included in evaluation
for sound-field points with x2 > h. We now analyze this integral
to see if the major contribution to it comes from the region [a, b]
on which we have data available. Analysis proceeds by the method
of stationary phase. The stationary-phase argument is as follows.
Since k is large, the integrand is rapidly oscillating except at points

where if(y\) is slowly varying. This occurs in the neighborhood of
stationary points y{s defined by

ty'(y\s) = 0 (14)

Away from stationary points, the rapid oscillations of the integrand
tend to cancel each other and yield no net contribution to the value
of the integral.

We may solve for the stationary point by taking the yi derivative

= 0 (15)T ^'^' ' ' \y-z\ \x-y\
This equation is best analyzed geometrically as pictured in Fig. 2.
Arguments stemming from similar-triangle relationships may be
used to derive the following explicit expression for yi.v:

yis = (16)

This is the point of intersection between the Kirchhoff surface and
a line extending between the source point z and the observation
location x. This geometrical relation also holds exactly in the case
when the mean flow is subsonic and parallel to the y\ direction.
We now have definite bounds on x locations such that the major
contribution of the exact infinite integral in Eq. (13) also lies on
the available portion of the surface vi e [a,b]. This is a result of
our definition of &s requiring that it be contained within £2$: it is
guaranteed that ifx\ e [a,b], then the stationary point lies in [a, b]
arid we are able to numerically calculate the dominant contribution
to the integral in the asymptotic limit of/: —> oo.

Expanding •(//• and F about the stationary point in Taylor series,
we may calculate the asymptotic value of the integral. It is

2n

k -> oo (17)

which has a F/^/k asymptotic dependence. A similar asymptotic
solution was used by Lax and Feshbach12 to calculate scattering in
the high-frequency limit.

Thus we have some justification for leaving the surface open in
cases when it lies between the source and the observation points.
An accurate open- surf ace numerical integration will compute the
major contributing portion of the integrand on the exact infinite or
closed surface.

B. Asymptotic Correction
Asymptotic analysis of the integral may also offer a correction

that compensates in part for the missing portion. We rewrite the
exact infinite integral in Eq. (13) as a sum of three integrals:

a b r r°°\
+ / + / )

J-oo Jb /
(18)

The geometry is assumed to be such that the only stationary point
of the integrand lies in [a, b] and thus the first integral may be
numerically computed and contains the major contribution to the
value of /. Integration by parts is used to calculate asymptotic series
in powers of I/ k for the second and third integrals:

/ = /
J a

I f F(a) 1 1 [ F'(a)
4 <>'(«) J *2|>'(a)2

1

+

A:3
(19)
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-2.0 2.0

Fig. 3 Exact point source field (real part) for testing asymptotic end
corrections. Contours: min = —0.015, max = 0.09, incr = 0.015; positive
are solid, negative are dashed.

F may itself be a function of k, so it would not be correct to say
that the next term in the series is O(\/k3). The contributions at ±00
are zero because of the decay of F with distance from the source.
The end contributions are asymptotically small with respect to the
contribution from the stationary point as k -> oo, but for the finite
k of an actual computation they offer a correction to the truncated
integral.

C. Numerical Test of Correction Terms
To give insight into the effectiveness of these correction terms,

we will perform a numerical experiment in two dimensions for the
inhomogeneous reduced wave equation

(A (20)

Our acoustic source will be a point monopole of unit strength at
the origin. In the source notation of Eq. (8), S(z) = <5(z). An exact
solution field is plotted in Fig. 3. Our Kirchhoff surface (a line in
this two-dimensional problem) will be positioned at y2 = h = 0.5
and will extend from y{ = a = -2 to yi = b = 2. The temporal
wave number is A; = 2.5, kL = 10. A simple calculation shows
that the surface is 1.6 wavelengths long. Numerical integration in
[a, b] is performed with a simple fourth-order quadrature (Eq. 4.1.14
in Press et al.13). Errors are quantified with an LI error norm
defined by

(21)

where 0 is the exact solution, 0 is the Kirchhoff result, and the sum-
mation is over all the calculated field points exterior to the Kirchhoff.
surface. The sum is normalized by the number of points in the sum-
mation. 300 points on the surface were used to evaluate the [a, b]
integral. Changing from 150 to 300 integration points resulted in a
0.005% change in the LI error norm, so the numerical integration
is deemed highly accurate. All the terms in Eq. (19) are calculated
analytically. The following is a table of LI error norms for inclusion
of zero, one, and two correction terms (for reference, the norm of the
exact solution calculated in a similar fashion over the same domain
is 0.07423):

No. of corn terms LI error
0.00524
0.00129
0.00179

The error fields are plotted in Fig. 4. The error is defined as a
simple difference between the exact and Kirchhoff solution.) Both
the error-field plots and the LI-norm data indicate that error is sig-
nificantly reduced by the first end correction term and experiences
a minor degradation for the choosen value of k when the second
correction term is included. In our following study of a more real-
istic source, we will only consider the first term in the correction
series, as it is the only term that seems to help at the moderate tem-
poral wave numbers of interest and is easily calculated for general
sources.

c) -2.0

Fig. 4 Error fields (real part) for a) no end correction terms—contours:
min = —0.015, max = 0.012, incr = 0.001; b) order-I/A: end correction
term only—contours: min = —0.006, max = 0.01, incr = 0.001; and c)
order-1/k and I/A:2 terms—contours: min = —0.003, max = 0.016, incr
= 0.001. Positive contours are solid; negative contours are dashed.

We note here that the corrected solution is by far the poorest
in the neighborhood of the endpoints (a, h) and (b,h). There are
two reasons for this. The analysis leading to the corrected solution
formula (19) uses asymptotic forms of the Hankel functions that
are not applicable close to the endpoints. This would not present a
problem in three dimensions, where it is possible to attain the phase
of the fundamental solutions without relying on an asymptotic form.
The technique presented in the next section will also not rely on
asymptotic Hankel-function evaluation. A second cause for the poor
performance in the vicinity of the endpoints is that the correction
terms become singular. As x -> (a,h) or (b,h), the stationary
point also approaches (a, h) or (b,h). This implies that ty'(d) or
•fi'(b) -> 0. We see in Eq. (19) that the end corrections have $'
in the denominator. Poor numerical performance is expected in the
neighborhood of such a point. The LI -error-norm improvements
given in the above table would be more dramatic if the summation
did not include points in the neighborhood of the endpoints.

Figure 5 shows the same error field as Fig. 4a, but the field cal-
culation has been extended well beyond the Kirchhoff surface. We
see that the solution degrades rapidly, consistent with the previous
stationary-phase arguments, which snowed that the major contribu-
tion to the integral value comes from the neighborhood of a point on
the surface between the source and observation points. For points
directly to the right and left of the surface, the stationary point is no
longer included in the calculation and the solution is very poor. The
correction terms do not help the solution in this situation, because
they were derived on the premise that the stationary point lay within
[a,b].

For this same model problem and for a comparable problem in
three spatial dimensions, Fig. 6 shows the behavior of the error vs
the value of kL. The percentage error is defined as the LI error
norm divided by the norm of the exact field. In two dimensions
the amplitude of the exact solution has a l/J(kL) dependence,
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10,0)

Fig. 5 Error field (real part) extended to the right and left of the
Kirchhoff surface. The Kirchhoff surface is shown here with a heavy
dashed line. The vertical lines indicate the region shown in Fig. 4a. Con-
tours: min = —0.046, max = 0.046, incr = 0.0049. Positive contours are
solid; negative contours are dashed.
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Fig. 6 Percentage error in the LI norm for zero (solid line), one (dashed
line), and two (dotted line) correction terms. Here kL is the nondimen-
sionalized temporal wave number: a) two-dimensional evaluation and
b) three-dimensional evaluation.

and F in Eq. (19) is independent of kL. Therefore we expect the
percentage error to have a \/J(kL) dependence for zero correction
terms, a 1/(&L)3/2 dependence when the first correction term is
included, and a 1/(£L)5/2 dependence when the first and second
correction terms are included. The zero- and one-correction-term
cases do follow this behavior; the two-correction-term case does not,
and this is because we took only the first term of the asymptotic form
of the Hankel functions for large arguments. If we had included two
terms,

+0 I / 7T N

exp(in--ik\x\
\ z /

(22)

then 1/(&L)5/2 behavior would have been expected in Fig. 6a. How-
ever, with only the first Hankel term, there is an O[\/(kL)} error
in F, which translates to an O[l/(kL)2] error in the first correction
term, so without a better approximation to the Hankel function we
may never achieve better than O[l/(kL)3/2] dependence for the per-
centage error [we have multiplied by O[^/(kL)] to take account of
the dependence of the exact the solution when calculating the per-
centage error]. In three dimensions the exact field norm is constant
with kL, and F is O(kL). Therefore we expect the percentage error

to have roughly (kL)n dependence, where n is the number of cor-
rection terms included from Eq. (19). This behavior is demonstrated
in Fig. 6b.

D. Application to Real Sources
In a real application we do not know the form of «S, as we did

in the previous numerical experiment where we specified a point
source. Further analysis will be necessary to make end corrections
in this case. Rewriting Eq. (12) in two dimensions with the \/k end
correction term gives

Jze

F(«exp[-i
dz

(23)

The third dimension could be easily included. Distributing the z
integration leads to the original Kirchhoff integral for an open sur-
face d£2K plus two integral correction terms, one evaluated at each
domain end. We take

(24)

which consists of known terms, and arrive at the following, to order
F/k:

=1 A(x-,y)dS(y)

F(a; /?, z ,x) exp[—ik^(a\ h, z, x)]
dz (25)

It is not possible to integrate the end correction terms exactly in
z, because F/ty' is an unknown function of z. Examining ty' in
Eq. (15), we see that the second term is independent of z. The first
term depends upon z and in two dimensions is

y\ - (26)

If \z — Zol is small, say w e, and € <c: \y\9 where zo is an estimated
point for the center of the sound source region £2^, then ty' may be
rewritten as a constant in z plus an error term:

|y-zol \x-y\
(27)

Once this approximation is made, the integrals in z for the end
corrections terms may be evaluated, and the result is

A +

Whether or not it is possible to estimate zo and have &s, the region
of source support, be small enough for the above approximation to
be valid depends upon the particular flow in the source calculation.
Considering the axisymmetric jet calculation of Mitchell et al.,3
we see that the source location in that case may be defined fairly
precisely — it is the location of the vortex pairing. Mitchell et al. also
determined that for their jet the Kirchhoff surface needed to be 10 jet
radii away from the jet centerline. If the computational box extends
more than 10 radii downstream and we assume that the region of
noise generation is approximately 1 radius in extent, then we have
a condition that €/\y\ « 0.1. A sample calculation is performed
using a model source of similar extent in the next section, and the
results are excellent.
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If the flow is such that the above approximation will not be valid
(e.g., a case where one cannot determine the position of the source
for a particular temporal wave number £), one must seek other means
of estimating ty'. For example, the local phase may be estimated by
calculating the distance between zero crossings of the integrand.
The local-phase estimates could then be finite differenced to give
an estimate of the phase slope at points a and b.

Note that the form of solution presented in Eq. (25) is exactly the
same for two and three dimensions, the only difference being the
number of integrations necessary. If there were a finite mean flow
parallel to the x\ direction (as there would be for a jet with coflow
or a mixing layer), the form of ijs' would change, but Eq. (25) would
still hold. The y\ derivative of the phase for nonzero mean flow in
two dimensions is

4.0

l -M 2

(29)

The extension to three dimensions is exactly analogous. A nonzero
mean flow is considered for an example calculation presented in the
next section.

E. Sample Calculation for Model Source
In this section the source-location estimation technique discussed

in the previous section is applied to a source of finite extent. We let
the convected reduced wave equation (5) with source

S(z) = 100exp(-33z2 - 129zl) (30)

govern the radiated field. This gives S(z) ̂ 0.255(0) for z =
(0.2, 0) and at z = (0, 0.1), which is approximately the size of
the source region for the first vortex pairing event in an axisym-
metric jet. S decays to KT14 by z = (1, 0) and z = (0, 0.5). The
position of the surface is chosen to mimic the position in an actual
source-flow calculation: h = 0.5, a = 2, b = —2. We take k = 10,
giving kL = 40. The mean flow is taken to be M = 0.5 and in the x\
direction. The values of </> (y) on the surface were computed by per-
forming the convolution in Eq. (8). The normal derivative </>n (y) was
calculated by finite-differencing two closely spaced (f>(y) convolu-
tion results. Decreasing this spacing had a negligible effect on the
resulting normal-derivative calculation. Quadrature was performed
using the same fourth-order method as in Sec. III.C. In each coor-
dinate direction, 25 points are used to evaluate the two-dimensional
convolution integral. Using 50 points in each direction resulted in
less than a 0.001% change in the results for the field. The values
of 0(jc) in the sound field was calculated using the same convolu-
tion integral and were used to evaluate the Kirchhoff calculations
with and without the end corrections. 150 quadrature points were
used in evaluating the Kirchhoff integral on [a,b]. The LI error
norms are again calculated and are presented here (for reference,
the norm of the field as calculated by the convolution integral is
0.107927):

No. of corr. terms LI error
0.003034
0.000199

That this result represents a better improvement than calculated
in the point-source calculation of Sec. III.C is believed to be a result
of better performance in the vicinity of the endpoints. This solution
relies less on the asymptotic form of the Hankel functions. The exact
solution is plotted in Fig. 7. The noncompactness of the source gives
the radiated field a directivity more complex than a point monopole
source in the same flow. Error fields for zero and one correction
term are plotted in Fig. 8. We see a drastic reduction in the overall
error with the inclusion of the end correction. The large value of kL
was chosen to give an interesting directivity. The accuracy trends
as a function of kL are analogous to the one-correction-term case
shown for the point monopole source in Fig. 6.

0.5
-2.0

Fig. 7 Convolution field (real part) for source given in Eq. (30). Con-
tours: max = 0.28, min = —0.23, incr = 0.033; positive are solid, negative
are dashed.

0.5
b) -2.0 2.0

Fig. 8 Error fields (real part) for Kirchhoff evaluation of Eq. (30) field:
a) no end correction terms—contours: min = —0.01, max = 0.01, incr =
0.001 and b) order-I/A: correction term—contours: min = —0.0035, max
= 0.01, incr = 0.001. Positive contours are solid; negative contours are
dashed.

IV. Time-Domain Formulation
The analysis completed thus far has assumed a time-harmonic

sound field with temporal dependence e+i(0t. The analysis may be
extended to a time-dependent situation by converting results back
to the time domain directly. We take (j>(x, t) to be a time-dependent
field variable. Time-harmonic terms having factors of ico indicate
differentiation in the time domain:

(31)

and terms containing factors of 1 / ico indicate integration in the time
domain:

—000
10)

, r)dr (32)

where the — oo may be replaced by a time in the past before which
there is no sound. Used in conjunction with a flow calculation, this
would correspond to the beginning of the simulation. Retarded times
enter the problem though the following conversion:

<t>(y)exp(-ik\x-y\) \x-y\ (33)
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4.0
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0.5
-2.0 2.0

Fig. 9 Exact field for source given in Eq. (36). Contours: max = 0.023,
min = —0.011, incr = 0.0018; positive are solid, negative are dashed. The
inset plot is the exact field value vs \x\ for the same field equation.

Applying the above conversions to Eq. (28) formulated in three
dimensions and defining

R n i
(34)

to simplify expressions, we arrive at the following expression
for the time-dependent Kirchhoff formulation with end correction
terms:

J4-H
c C

+ Wb) J_x
 (y' T'

c /"-R/''
W> Aoc

(35)

R is defined by R = x -y, and R = \R\. The end corrections
now appear as time-history integrations starting at a quiet time in
the past and ending at the retarded time for the given observation
point. The first term in the surface integral is the standard Kirchhoff
integrand for time-dependent problems and is well known.5

We again evaluate performance with a numerical experiment for a
model source and choose the exact sound field in three dimensions:

, 0 -
1

4n\x\- COS I CD
t-W exp

(t-\x\\2
-a ———V c ) (36)

where a is a parameter dictating the width of the Gaussian envelope.
Numerical values are assigned to the parameters: co = 1.0, a =0.1,
and c = 0.1, and for the example given, we take the present time
t — 35. A contour and line plot of the exact wave field is given in
Fig. 9. The Kirchhoff surface is that shown in Fig. 2 with a = — 2 and
b = 2 as before. The yi integration is performed exactly as before.
The numerical time-history integrations for the correction terms
are performed with the same fourth-order quadrature discussed in
Sec. III.C. A spectral method is used to calculate the ^-direction in-
tegration necessary for this three-dimensional problem. 101 points
were used in the yi integration, and 32 in the 9 integration. Switch-
ing to 202 in yi and 48 in 0 resulted in a 0.06% change in the L\
norm of the uncorrected field. 50 points were used for the temporal
integration of the end correction terms. Changing from 50 to 100
points resulted in a 0.02% change the L\ norm of the end correc-
tion field. The norm of the uncorrected field pictured in Fig. 9 is
0.0024792, and the error fields for zero and one correction term are
given in the table below:

No. of corr. terms LI error
0.0001281
0.0000340

0.5b) -2.0 2.0

Fig. 10 Error fields for time-domain Kirchhoff evaluation of Eq. (36)
field: a) no end correction terms and b) with end correction term. Con-
tours (both plots): min = —0.0014, max = 0.0012, incr = 0.00014. Positive
contours are solid; negative contours are dashed.

We see nearly a factor-of-4 reduction of the error with inclusion
of the end corrections. Error fields for the straight Kirchhoff surface
evaluation and the corrected evaluation are shown in Fig. 10. The
error in the vicinity of points (a, h) and (b, h) is believed due, as
before, to the singular nature of the correction terms at these points.
Generally, one would be interested in points further away from the
source flow. Leaving the local endpoint regions out of the LI-norm
calculations above would show a more dramatic improvement re-
sulting from the end corrections.

V. Conclusions
Stationary phase analysis of the Kirchhoff integral has demon-

strated that the major contribution comes from a point on the surface
that intersects a line between the observation and the source point.
If acoustic data are available on an open Kirchhoff surface lying be-
tween the observation point and all possible source locations, then
we may calculate the major contribution to the integral by numer-
ically integrating over this open surface. It is found that flows of
interest have values of the temporal wave number for which appli-
cation of this rule gives reliable results.

Asymptotic methods were also used to analyze the unavailable
portions of the integrals and provide a correction to the open integral
representing the unavailable portions. This correction was found to
reduce the error by more than a factor of 10 in a model problem.
The analysis was extended to time-domain problems, and again a
significant reduction of error is accomplished with inclusion of end
corrections.
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